In this paper we introduce the idea of the symmetric span of a continuum, and show that continua with zero symmetric span are in class W. Continua with zero span have zero symmetric span, but the converse does not hold. We also show that if every subcontinuum of the continuum M is in class W then the span of M and the semispan of M agree. These results are then applied to show that the properties of having zero span and of having zero semispan are equivalent.
1. Introduction. The concept of the span of a metric space was introduced by A. Lelek in 1964 [7] . Since that time it has become an important concept in continuum theory, particularly in regard to chainability of continua. It is known, for instance [7, p. 210] , that chainable continua have zero span. It is an open question as to whether or not continua which have zero span are chainable (see [8, Problem 1, p. 93; 5, Question 7, p. 331]). In 1977 Lelek introduced the concept of semispan [9] by relaxing a condition in his original definition.
In this paper we introduce and investigate symmetric span, another idea related to span. In particular, we show that continua with zero symmetric span are in class W. We also investigate the relationship between semispan and span, and show that these measures agree for a class of continua including those having zero span.
2. Definitions. A continuum is a nondegenerate connected metric space. A mapping is a continuous function. Suppose M is a continuum with metric d. Denote the first and second projections of M X M onto M by w, and ■n2, respectively. The span of M (respectively, the semispan of M), denoted by a(M) (respectively, a0(M)), is the least upper bound of the set of all numbers e for which there exists a subcontinuum Z of M X M such that -n2(Z) = irx(Z) (respectively, tr2(Z) G irx(Z)) and d(x, y) > e for each (x, y) in Z.
If S is a collection of sets, denote the union of the members of § by §*.
3. Symmetric span. As an example of a continuum with positive span, consider the unit circle in the complex plane, S1 = {z: z G C and |z|= 1}. To see that a(S]) > 0 let Z = {(z,-z): z G S1}. If (x, y) is in Z then d(x, y) = 2. To see that irx(Z) = tr2(Z) one need only observe that if (x, y) is in Z then (y,x) is in Z. Continua which have the last property of the continuum Z above are often constructed in studying the span of examples (see [3] for instance). This motivates the following definition.
If A is a set and A G X X X, then A~x = {(y, x): (x, y) G A}, and A is said to be symmetric if A -A~l. Suppose M is a continuum with metric d. The symmetric span of M, denoted by s(M), is the least upper bound of the set of all numbers e for which there exists a symmetric subcontinuum Z of MX M such that d(x, y) 3= e for each (x, y) in Z.
As observed before, if M is a continuum and Z is a subcontinuum of M X M such that Z = Z"1, then w,(Z) = ir2(Z). A straightforward application of this observation proves the following theorem giving the relationship between the span and the symmetric span of a continuum. Howard Cook has shown that the dyadic solenoid has a property (actually, (3) of Theorem 2 below) that is equivalent to having symmetric span equal to zero. Thus the last implication in Theorem 1 cannot be reversed.
Some useful and easily established equivalences of the property of having zero symmetric span are given in the following theorem. (2)), zB(/{3)),... of zn(1), z"(2), z"(3),... which has a limit, z0. Since / is continuous and /(z"0O))) = p for j = 1, 2,3,... ,/(z0) = p. Since X""(1), fv"(2), ÄTn(3),... has sequential limiting set K0, z0 is in K0. Suppose i0 is in K0. Then there is a sequence of points tx, t2, t3,..., with limit t0, such that tj is in Kn(j) for y' = 1,2,3,_Since C is closed, / is continuous and f(tj) is in C for j = 1,2,3,..., /(z0) is in C. Hence i0 is in/"'(C). Therefore K0 Gf'\C).
Let /Y be the component of/"'(C) containing z0. Since/(z0) -p, H is in % Since z0 is in /sT0, A0 C/"'(C), and >v0 is a continuum, it follows that K0 G H, and hence y is in H. Thus >> is in A = %*. Therefore A is closed. Likewise B is closed. Now, since A and B are closed and mutually exclusive and f~\C) is closed, there exist mutually exclusive open subsets of X, UA and UB such that A G UA, B G UB, and f~\C) G UAU UB. Let s and z be points of A such that f(s) -p and /(i) = q (s is in A, t is in 2?). Let Y=((X-UA) X {s}) U {(X-(UA U UB)) X/-'(C)) U ((X -UB) X {t}).
Note that Y is the union of three closed subsets of A" X A' and is therefore closed and hence compact. Let Z = / X f(Y). Since Y is compact and/ X /is continuous, Z is compact.
We now show that (p, q) is in Z, (q, p) is in Z and that Z misses the diagonal, AM of M X M. Since s is in the A, s is in X -UB, thus (t, s) is in Y and therefore (/(■*). /(0) = (P-q) is 'n z-Since z is in 5, / is in A -L/,, thus (r, s) is in Y and
hence (f(t), /(•*)) -(</% />) is in Z. Suppose (x, s) is in (A -UA) X {s}. Then x is not in A, hence f(x) ¥= p. But /(s) = p so (/(x), /(j)) is not in AM. Likewise, if (x, t) is in (X -UB) X {t} then (f(x), f(t)) is not in Aw. Suppose (x, y) is in (A-(cT, U UB)) X/-'(C). Then x is not in/"'(G) since/-'(C) C t/< U GB. Since >> is in/~'(C),/(x) ¥=f(y). Therefore (f(x), f(y)) is not in AM. Hence Z and Aw are mutually exclusive.
We now show that Z is a continuum by showing that it is connected. Suppose it is not connected. In all of the three cases, x in UA, x in i/s, and x in X -(UA U UB), there is a w in X such that (x, w) is in y Hence, for each x in A, there is an integer i(x) in {1,2} and an open set Gx containing x such that/ X /((Gv X X) n 7) C F¿(x).
Since F, intersects Z, there is a point (x, w) in y such that / X f(x, w) is in Vx. Therefore there is a point x in X such that z'(x) = 1. Similarly, there is a point x in X such that z'(x) = 2. Let W¡ = {Gx:i(x)=\}* and IF, = {Gx: i(x) = 2}*.
The sets Wx and IF2 are open. Suppose r is in WXC\W2. Then there is a point x, in A such that r is in Gx and ¿(x,) = 1 and a point x2 in X such that r is in Gx and z'(x2) = 2. Letj be a point in A-such that (r, y) is in Y. Now/ X /(r, >>) is in V} since/ X /((G^ X X) n y) C Fy, for/ = 1,2. This is inconsistent with the fact that F, and V2 are mutually exclusive. Hence Wx and W2 are mutually exclusive.
Thus X G WXU W2 where Wx and IF2 are mutually exclusive nonempty open subsets of A. This is a contradiction since A is a continuum. Therefore Z is a continuum. Since (p, q) is in Z and (q, p) is in Z and Z does not intersect AM, we have a contradiction with Theorem 2(3). Therefore M is in class W. Let K0 = Z. Suppose that K¡ has been chosen for 0 < z < n in such a way that (1) and (2) 6. The equivalence of zero span and zero semispan. We now apply Theorem 5 to prove the principal result of this paper. Proof. Suppose M is a continuum, / is a mapping of X onto M and g is a mapping of A into M. Let Z = {(/(x), g(x)): x G X}. Then Z is a subcontinuum of M X M and m2(Z) G M -irx(Z). Since a(M) = 0, a0(M) -0 by Theorem 6 and thus Z intersects AM, that is, there is a point x of X such that/(x) = g(x). Hence M has the incidence point property. By letting X = M and/= idM, we see that M also has the fixed point property. 
